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Abstract. We investigate the CMB µ distortion in models where two uncorrelated sources
contribute to primordial perturbations. We parameterise each source by an amplitude, tilt,
running and running of the running. We perform a detailed analysis of the distribution signal
as function of the model parameters, highlighting the differences compared to single-source
models. As a specific example, we also investigate the mixed inflaton-curvaton scenario.
We find that the µ distortion could efficiently break degeneracies of curvaton parameters
especially when combined with future sensitivity of probing the tensor-to-scalar ratio r. For
example, assuming bounds µ < 0.5 × 10−8 and r < 0.01, the curvaton contribution should
either vanish or the curvaton should dominate primordial perturbations and its slow-roll
parameter ηχ is constrained to the interval −0.007 < ηχ < 0.045.
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1 Introduction
The large scale structure in the Universe originates from primordial fluctuations, which are
thought to be generated from quantum fluctuations during inflation. In the minimal setup,
they originate from a single scalar field, the inflaton, which drives the inflationary expansion.
While the single field model is the leading candidate, it is quite possible that multiple fields
were sourcing the perturbations. Additional scalars may participate in driving inflation or
they may be “spectator” fields with no dynamical importance during inflation. However,
quantum fluctuations acquired by light spectators can also source primordial perturbations.
Examples of such models are the curvaton scenario [1–3] and the modulated reheating [4, 5].
We can probe fields responsible for primordial perturbations by studying their statis-
tics via precision cosmological observations. In particular Planck [6] observations of cosmic
microwave background (CMB), precisely determine the characteristics the primordial power
spectrum. In addition, bounds on the tensor-to-scalar ratio r and on non-Gaussianities are
providing important constraints for inflationary models. Nevertheless, a wealth of inflation-
ary models is still consistent with all current observations and more information is needed
to remove degeneracies and pin down the correct model. An obvious way to obtain more
information is to study the detailed scale-dependence of primordial power spectrum. This is
usually characterized by the scale dependence of the spectral tilt ns, including the so called
running αs, and the running of running βs. Here information from a broad range of scales is
needed, extending in particular to observations on the smallest scales, such as measurements
of the 21cm fluctuations [7–9] and of CMB spectral distortions [10–16].
In this work we study µ-type spectral distortions produced first, in a general two field
model and second, in a specific mixed curvaton inflaton scenario. In the general setup we
parametrize each field (i = 1, 2) with their own tilt and runnings, ni, αi and βi. We scan the
parameters with broad prior ranges and compute the µ distortion signal for models consistent
with Planck observations. We find that models with large differences n2−n1 and/or α2−α1
and an enhanced µ distortion can be accommodated by the current data. In the context of
the mixed inflaton-curvaton model we find that µ distortion combined with the upper bound
on the tensor-to-scalar ratio r can break degeneracies among model parameters. For example
finding µ < 0.5 × 10−8 and r < 0.01 would imply that most of the observed perturbations
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were sourced by the curvaton, with the curvaton slow-roll parameter constrained to range
−0.007 < ηχ < 0.045.
This paper is organized as follows. In section 2 we briefly review the calculation of the
µ distortion arising from photon diffusion. In section 3 we introduce the parametrization for
the general 2-field model. In section 4, we present the strategy of our analysis and compute
the µ distortion predictions. In section 5, we study the specific example of the mixed inflaton
and curvaton model. Finally section 6 contains our conclusions and outlook.
2 Spectral distortions
The spectrum of CMB photons cannot be completely thermal. It inevitably features small
distortions generated below the redshift z ' 2 × 106, where interactions between electrons
and photons become too slow to maintain a local equilibrium [10, 17, 18]. Spectral distortions
of µ-type are generated for z & 2 × 105, when kinetic equilibrium is efficiently maintained
by Compton scatterings but photon number changing processes through double Compton
scattering and Bremsstrahlung are slow compared to the expansion rate, see [19–21] for
recent reviews. Energy injection to photons through Silk damping of the acoustic waves
leads to an excess of photons compared to chemical equilibrium. Below z ' 5× 104 also the
kinetic equilibrium is lost and the distortions generated in this epoch are of the y-type [19].
The distortions of a more general type have been discussed in [19]. In the intermediate epoch
2× 104 . z . 5× 105 the kinetic equilibrium is partially maintained and a mixture of µ and
y distortions, the so called i distortion, is formed [22].
Full analysis of the distortions requires solving the Boltzmann equations for primordial
plasma numerically [19]. Here we concentrate only on µ distortions whose time evolution can
be approximated by [10]
dµ
dt
= − µ
tdC(z)
+
1.4
ργ
dQ
dt
. (2.1)
Here dQ/dt describes an energy injection to photons and tdC is the time-scale for the dou-
ble Compton scattering. This assumes the dominant number changing processes are double
Compton scatterings and that kinetic equilibrium is maintained through Compton scatter-
ings. The approximative solution to eq. (2.1) is [10]
µ = 1.4
∫ z2
z1
dze−(z/zdC)
5/2
(
1
ργ
dQ
dz
)
, (2.2)
where zdC ≈ 4.1 × 105 (1− Yp/2)−2/5
(
Ωbh
2
)−2/5
[10] and Yp ' 0.251 [23] denotes the pri-
mordial helium abundance. The lower limit of integration is z1 = 2 × 106. We neglect all
intermediate distortions and assume instant transition between the µ- and y-epochs, which
sets the integral upper limit at z2 = 5× 104 [18].
For distortions generated by the dissipation of acoustic waves the energy-injection rate
in (2.2) is related to the spectrum of the primordial curvature perturbation Pζ by [10, 11,
13, 24]1:
1
ργ
dQ
dz
= −3
4
∫
d3k
(2pi)3
AνPζ(k)
d∆2Q
dz
, (2.3)
1See [11] for a discussion of the factor 3/4.
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where Aν ≡ 4/(2Rν/5 + 3/2)2 and Rν ≡ ρν/(ργ + ρν), with ρν and ργ being the neutrino
and photon energy densities and the differential energy injection term is
d∆2Q
dz
=
d
dz
(
9c2s
2
e−2k
2/k2D
)
= 27c2sAD (1 + z)
−4 k2e−2k
2/k2D . (2.4)
Deep in the radiation dominated epoch and for constant sound speed, the photon diffusion
damping scale kD and the constant AD above are given by [24]
kD =
(
8
135H0Ω
1/2
r ne0σT
)−1/2
(1 + z)3/2 ≡ A−1/2D (1 + z)3/2 , (2.5)
where σT is the cross section of Thomson scattering, H0 and Ωr denote the current Hubble
rate and radiation density and the free electron number density before the recombination is
ne0 = nH0 + 2nHe0.
The diffusion damping scales kD(z1,2) corresponding to redshift integration limits in
(2.2) set the scales probed by the µ distortion: 50 Mpc−1 < k < 104 Mpc−1. These are much
smaller than the scales probed by CMB anisotropies: O(10−3) Mpc−1 . k . O(0.1) Mpc−1
or large scale structure: O(10−2) Mpc−1 . k . O(1) Mpc−1, which makes the spectral distor-
tion a very interesting observable. While primordial black holes (PBH) also constrain similar
small scale perturbations, their constraints on the spectrum are much less stringent [25].
Finally, we note that in addition to the Silk damping part (2.2), there is an adiabatic
cooling contribution from photon energy lost into heating up electrons after their decoupling,
which yields a small negative part µad ≈ −3× 10−9 to the total distortion [19, 24].
3 General parameterisation of two-field models
In [13, 15] (see also [26]) it was found that in the case of single field inflation, future mea-
surements of the µ distortion would place a powerful constraint on the running of the spec-
tral index. Spectral distortions in mixed inflaton-curvaton models were further investigated
in [14]. Here we study generic two-field models and systematically investigate how future
data on µ distortions constrains their parameter space.
We consider a general two-field setup where the spectrum of primordial curvature per-
turbation, 〈ζ(k)ζ(k′)〉 = (2pi)3δ(k + k′)2pi2Pζ/k3 can be parameterised as
Pζ = P1 + P2 = As
1 +R
( k
kref
)n1−1+ 12α1ln( kkref )+ 16β1ln2( kkref )
+R
(
k
kref
)n2−1+ 12α2ln( kkref )+ 16β2ln2( kkref ) . (3.1)
Here As is the total amplitude of the power spectrum and R(≡ P2/P1) is the amplitude
of field 2 relative to that of the field 1. ni, αi and βi respectively are the spectral index,
the running, and the running of the running for each field (i = 1, 2). These quantities are
to be measured at the reference scale kref which we choose as kref = 0.05 Mpc
−1. The
phenomenological form (3.1) captures models of two-field inflation as well as curvaton-type
setups where the primordial perturbation may be sourced both by inflaton perturbations and
perturbations of another component which during inflation was an isocurvature field.
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We set As equal to the observed best-fit amplitude of the curvature perturbation As =
Pobs = 2.19× 10−9 [6] and let the other parameters vary in the range
n1,2 ∈ [0, 2], α1,2 ∈ [−0.1, 0.1], β1,2 ∈ [−0.01, 0.01], R ∈ [0, 1] . (3.2)
We assume a flat prior distribution for all parameters. We choose the convention where
P1 denotes the dominant part of Pζ and P2 the subdominant part such that R ∈ [0, 1]
covers the full range of possible values. The priors chosen for n1,2 allows for a significant
scale-dependence ∆P1,2/P ∼ 10 between the Planck pivot scale kref = 0.05 Mpc−1 and the
smallest scale probed by µ distortions k ∼ 104 Mpc−1 [24] and most theoretical setups fall
well within this range of n1,2. The priors for the running α1,2 and running of the running
β1,2 are chosen to be natural such that each successive term in the Taylor expansions of P1,2
is parametrically smaller than the previous one over the window k = 0.05 − 104 Mpc−1, as
required by self-consistency of the expansion (3.1). We have checked that our results do not
essentially change if we double the prior range (3.2). This indicates that (3.2) represents a
fair sample of the observationally allowed parameter space.
Using (3.1), the spectral index, its running and the running of the running computed
at a reference scale kref are given by
ns ≡ 1 + dlnPζ(k)
dln(k)
∣∣∣∣
k=kref
=
n1 +Rn2
1 +R
, (3.3)
αs ≡ dns
dln(k)
∣∣∣∣
k=kref
=
α1 +Rα2
1 +R
+
R(n2 − n1)2
(1 +R)2
, (3.4)
βs ≡ d
2ns
dln(k)2
∣∣∣∣
k=kref
=
β1 +Rβ2
1 +R
+
3R(n2 − n1)(α2 − α1)
(1 +R)2
+
R(1−R)(n2 − n1)3
(1 +R)3
. (3.5)
In particular, it should be noted that any difference between the individual spectral tilts of
the two components, n1 6= n2, generates running and running of the running of the spectral
index ns − 1. Moreover, configurations for which n1 = n2, α1 = α2 and β1 = β2 are fully
degenerate with the single field case R = 0 for which ns = n1, αs = α1 and βs = β1.
4 Model constraints from distortion measurements
We now move on to investigate the spectral distortion signals generated in the two-field case
(3.1). We scan over the seven model parameters n1, n2, α1, α2, β1, β2, R in the prior range
(3.2). For each parameter set we compute the spectral index ns, its running αs, running
of the running βs and the spectral distortion µ using eqs. (3.5) and (2.2). We impose the
Planck constraints [6] ns = 0.9586± 0.0056, αs = 0.009± 0.010 and βs = 0.025± 0.013 and
confront the µ distortion against the forecasted 1-σ sensitivity ∆µ = 1× 10−8 of the future
PIXIE survey [27]. Note that the presence of foregrounds can yield an order of magnitude
degrade in PIXIE survey’s sensitivity to µ-distortion, as was discussed in [28].
Our interest is to see how the combination of data can constrain the model parameters.
The results are shown in Figure 1 which illustrates the dependence of µ on various combina-
tions of model parameters. Of the total scan of 5 000 000 parameter sets generated, 12 718
sets (0.25%) were compatible with Planck bounds on (ns, αs, βs) at 99 % C.L. We have also
imposed the existing COBE/FIRAS bound on the spectral distortion |µ| < 9× 10−5 [29, 30],
which excludes only 90 of the sets compatible with Planck constraints. The µ-values are pos-
itive apart from 9 parameter sets for which the adiabatic cooling µad ≈ −3× 10−9 generates
a small negative µ.
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Figure 1. Scatter plots showing the µ distortion (color coding) as function of the two-field model
parameters compatible with the Planck bounds ns = 0.9586 ± 0.0056, αs = 0.009 ± 0.010 and βs =
0.025 ± 0.013 at 99 % C.L. The limit R = 0 corresponds to the single field case and for R = 1 both
fields contribute equally to the curvature perturbation.
Configurations with R 6 0.05 shown in the first column of figure 1 effectively reduce
to the single field case. Apart from the enhanced µ values for n2 ∼ 2, the subdominant
field has no effect on the distortion signal in this class and the dependence of µ on n1, α1, β1
is that found in [15, 16]. The enhanced distortion signal is also induced from the positive
running and running of the running due to the large difference n2 − n1 as seen from the last
terms of eqs. (3.4) and (3.5), which in this range are large enough to compensate for the R
suppression. Note also that in this case µ-distortion can be used to determine the sign of the
running of running of the dominant field, β2.
In the intermediate range, 0.05 < R 6 0.5, we again see an enhancement of µ values
for n2 & 1.5, but this feature vanishes for R > 0.5 when both fields contribute roughly
equally to the spectrum. Apart from this small enhancement, the distribution of µ values
in the (n1, n2)-plane is uniform. On the other hand, the µ distortion depends strongly on
individual runnings α1 and α2, whose allowed ranges will be considerably reduced by PIXIE
sensitivity. This can be traced back to the form of eqs. (3.4) and (3.5): when the difference
between individual tilts n1 and n2 is large, the two terms in eq. (3.4) must cancel two keep
the running αs within the observational bounds. This induces a correlation between ni and
αi, as illustrated for the dominant component on the last row of figure 1. Configurations with
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Figure 2. Left panel: Normalized histograms of the µ distortion for configurations compatible with
Planck constraints on (ns, αs, βs) at 99 % C.L. and the COBE/FIRAS bound |µ| < 9×10−5. The two
cases shown correspond to the full general two-field case (blue) with the priors (3.2) and the single
field limit R = 0 with the same priors (red). Right panel: frequency distribution of two-field models
corresponding to the blue histogram in the left panel as a function of βs and µ.
a large (n2 − n1)2 dependent part, which cancels against the α1,2 dependent part in (3.4),
in general lead to significant running of the running βs through the last two terms in (3.5).
This can easily dominate over the β1,2 dependent first term and lead to a large positive or
negative βs (and, respectively, large positive or negative µ). This explains the flattening out
of the distribution of µ-values in the (β1, β2)-plane with increasing R, making µ less and less
useful indicator of βi.
The histogram in the left panel of fig. 2 shows the distribution of µ-values for the
accepted two field models in our scan, along with a similar distribution from a simulation
in the single-field case (R = 0), with the same prior ranges (3.2) for n1, α1, β1. The much
wider spread of µ-values in the two field case is due to the large running of the running
induced by the n1, n2, α1, α2 dependent terms in eq. (3.5) discussed above. An observation
of a large distortion, µ > 10−6, would be a compelling suggestion for a multifield inflation
(unless our prior on single field β is strongly underestimated). Recall also that we include
only µ distortion from the Silk damping in our analysis and neglect any other possible energy
injection processes which could also generate spectral distortions. In right panel we show the
correlation of the running of running βs and the µ distortion for our accepted two-field models.
The peak of the distribution, centered around βs = 0 is significantly shifted away from the
Planck best fit range βs = 0.025± 0.013. This result is of course prior choice dependent and
should not be given too strong a weight, albeit it is what follows with our natural choice of
priors. One also sees that smaller (or negative) βs correlates with smaller µ-values.
Figure 3 exemplifies consequences of an eventual detection assuming the measured spec-
tral distortion would be µ = (6 ± 2) × 10−8 at 95 % C.L. Compared to figure 1, there are
some differences. It can be seen that the detection would constrain α1 and α2 from above
cutting away the configurations leading to large positive running and running of the run-
ning. Moreover, for R & 0.5 also the tail of negative values α1 ∼ α2 ∼ −0.1 gets cut out.
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Figure 3. Implications of an eventual detection of µ distortion for the two-field parameters. Red
points show the entire parameter space compatible with Planck bounds on (ns, αs, βs, µ) 99 % C.L.
Green points show the surviving 99 % C.L. region assuming a detection µ = (6± 2)× 10−8 at 95 %
C.L.
For R . 0.05, the most of the values of β1 are pushed to positive values β1 & 0. Overall,
the allowed parameter ranges do not change much however. Even a fairly clear detection
of µ would then not help much to determine the individual power spectrum parameters in
the general two field case. However, in specific theoretical setups the model parameters are
typically more correlated, which should lead to a more precise determination of the allowed
parameter ranges. We shall next show that this is indeed the case in a popular curvaton
scenario.
5 A specific example: mixed inflaton and curvaton scenario
As a concrete example of a two-field model, we investigate the parameter space of the mixed
inflaton curvaton scenario [31–41]. Here the inflaton field φ is assumed to dominate the
energy density during inflation. The curvaton χ is an energetically subdominant light iscour-
vature field during inflation but its fluctuations may later source curvature perturbation. In
addition to the traditional incarnation of the curvaton scenario [1–3] the relevant parts of
our discussion here apply to any similar setup, such as modulated reheating [4, 5] or inhomo-
geneous end of inflation [42–44] and so on, where a field which is energetically subdominant
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during inflation sources the adiabatic curvature perturbation well after the horizon exit of
observable modes.
We assume the scalar potential is of the form
V (φ, χ) = V1(φ) + V2(χ) , (5.1)
and V1(φ) ' 3H2M2P  V2(χ) during inflation, where MP is the reduced Planck energy scale.
Furthermore, we assume that the non-negligible slow-roll parameters are given by
φ =
M2P
2
V 2,φ
V 2
, ηφ = M
2
P
V,φφ
V
, ηχ = M
2
P
V,χχ
V
, ξφ = M
4
P
V,φV,φφφ
V 2
, σφ = M
6
P
V 2,φV,φφφφ
V 3
. (5.2)
In other words, we assume that ξχ = M
4
PV,χV,χχχ/V
2 and σχ = M
6
PV
2
,χV,χχχχ/V
3 are either
identically zero, as is the case for the quadratic curvaton potential V2 = m
2
χχ
2/2, or negligible
due to the curvaton being close enough to isocurvature direction of the field space V,χ ' 0 [45].
The spectrum of curvature perturbation is given by
Pζ(k) = N2,φ(k)Pφ(k) +N2,χ(k)Pχ(k) (5.3)
where the derivatives of the number of e-folds can be evaluated at the horizon crossing of the
mode k = aH. To leading order in slow-roll we have
Pφ(k) = Pχ(k) =
(
H
2pi
)2
k=aH
, N,φ(k) =
1
MP
√
2(k)
, (5.4)
whereas N,χ depends on details of the curvaton setup. Defining
R =
N2,χ(kref)
N2,φ(kref)
, (5.5)
the spectrum (5.3) coincides with the phenomenological two-field form (3.1). Note a nota-
tional difference however, here R ∈ [0,∞] as the curvaton can give either a subdominant or
dominant contribution to the total spectrum whereas in (3.1) we defined R to be the ratio
of the subdominant and dominant components of Pζ . Equation (5.3) at the reference scale
kref can then be recast in the form
Pζ(kref) = PT (kref) 1 +R
16(kref)
, (5.6)
where PT = 8H2/(4pi2M2P ) is the spectrum of gravitational waves. The tensor-to-scalar ratio
at kref given by
r ≡ PTPζ =
16
1 +R
. (5.7)
The spectral index, its running and running of the running are given by eqs. (3.3), (3.4)
and (3.5) where n1 = nφ, n2 = nχ etc. and the explicit expressions of these parameters are
given by
nφ = 1− 6φ + 2ηφ , (5.8)
nχ = 1− 2φ + 2ηχ ,
αφ = −242φ + 16φηφ − 2ξφ ,
αχ = −82φ + 4φηφ + 4φηχ ,
βφ = 2σφ − 8φ(4η2φ + 3ξφ) + 2ηφξφ + 1922φηφ − 1923φ ,
βχ = −643φ − 8φηφ(ηφ + ηχ) + 82φ(7ηφ + 3ηχ)− 4φξφ .
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Figure 4. Histograms showing the distribution of µ values for the mixed inflaton-curvaton model
(blue) with the priors (5.9) and for single-field inflation (red) R = 0 with the same priors. All
configurations shown are compatible with Planck bounds on (ns, αs, βs) at 99 % C.L.
5.1 Scan over model parameters
We fix the spectrum at the observed value Pζ = 2.19×10−9 [6] at the pivot scale and impose
the Planck+BICEP2/KECK bound r < 0.07 (at 95 % CL) [46]. We scan over the slow roll
parameters , ηφ, ηχ, ξφ, σφ and R with the prior ranges
φ ∈ [0, 0.1], ηφ, ηχ ∈ [−0.1, 0.1], ξφ ∈ [−0.01, 0.01],
σφ ∈ [−0.001, 0.001], R ∈ [0.01, 100] . (5.9)
The prior range for R practically extends from the inflaton dominated limit to curvaton
domination and increasing the range further would not affect our results. On the other hand,
the priors chosen for the slow-roll parameters do impose some constraints on the models
included. We chose to concentrate on models where both the curvaton and the inflaton
dynamics is described by the slow roll dynamics, but allowed for relative large values for the
slow-roll parameters, up to , |η| ∼ 0.1. Of the higher order slow-roll parameters ξ and σ we
assumed that they are at most of order 2 and 3, respectively. Note that for each parameter
choice the inflationary scale H is fixed by eq. (5.6) as we fix Pζ to the observed amplitude.
We then impose Planck bounds on (ns, αs, βs), compute the distortion signature for
the accepted models and impose also the COBE/FIRAS µ-bound. Of the 3 000 000 models
created in our scan, 121 086 models (4%) survived the bounds. The distributions of µ-values
in the accepted set is shown in the histogram 4, along with results of an analogous single field
scan. First panel shows distributions with no bound on the tensor-to-scalar ratio r, while
– 9 –
others show the effect of imposing varying priors on r. This is crucial because a constraint on
r imposes an R-dependent upper bound on φ through eq. (5.7). This removes configurations
where large positive ηφ or ηχ cancel in eq. (5.8) against large negative terms proportional to
φ to yield the observed spectral index. Second panel shows that already the existing bound
r < 0.07 [46] (49 632 models survive) cuts out large distortions. The cut is most severe
in the pure inflaton limit R = 0 where ns = 1 − 6φ + 2ηφ and setting r = 16φ < 0.07
removes most of positive ηφ allowed by the priors. This cuts out large µ values as positive
ηφ contribute positively to the runnings αφ and βφ in eq. (5.8) and hence generate large
distortions. In the opposite limit of curvaton domination, R  1, the tilt feels only ηχ but
the runnings and µ distortion are affected also by ηφ which is now essentially unconstrained.
The intermediate case where both the inflaton and curvaton contributions are relevant is a
mixture of these limits. As a result, we find that after imposing the bound on r the range
of possible µ values in the mixed inflaton curvaton case extends to both smaller and also to
slightly larger values compared to the pure inflaton case with the same slow roll priors. This
is also seen in fig. 6 below, which shows the range of possible power spectrum shapes Pζ(k)
in both cases. The presence of two sources in the mixed case allows for larger runnings which
results the greater spread of µ values. Interestingly, imposing more stringent priors on r does
not help constraining the µ range more2. However, more information can be obtained when
r prior is applied to µ correlated with pairs of model parameters.
Figure 5 shows the dependence of µ on the curvaton parameters ηχ and R. The first
panel again depicts the results without the r-bound. In this case the µ values are strongly
degenerate on the (ηχ, R) plane. The corners of large negative and positive ηχ for large R are
excluded as they produce too red or blue spectrum respectively. Taking the current tensor
bound r < 0.07 into account (second panel) cuts out large µ values in the inflaton dominated
regime R . 1, as explained above. Configurations around R ∼ 1 and ηχ & 0.05 get removed
as obtaining the observed spectral index in this regime would require ηφ < −0.1 for r < 0.07,
which is outside our prior range. Decreasing the tensor-to-scalar ratio further increases the
size of this cut-out region, as is clearly seen in the two lower panels. The µ distortion is
not completely fixed by ηχ and R even in the curvaton dominated limit R 1 but depends
also on the inflaton slow-roll parameters (which measure time dependence of the Hubble
rate). Even with this degeneracy left, the results indicate that a measurement of spectral
distortions together with tensor-to-scalar ratio could place quite non-trivial constraints on
the curvaton parameters3. These directly translate into constraints on the shape of the power
spectrum Pζ(k) as illustrated in the right panel of fig. 6. As can be seen in Figure 5 the
degeneracy between µ and the curvaton parameters ηχ and R decreases the tighter the bound
on r becomes. This is because for the priors (5.9) the degeneracy is mostly due to ηφ terms
in the runnings (5.8) and they are all multiplied by φ.
In summary, these results show that distortion constraints are especially powerful when
combined with tighter bounds on tensor-to-scalar ratio, alredy at the level of the forecasted
sensitivity of the next generation polarization probes (see, e.g., [47]). It would be interesting
to see if other observables, such as non-Gaussianity would be similarly useful when combined
2Because one-field model is a subset of the two-field model its distribution must always be narrower than
the two-field distribution. The latter is significantly more peaked however, with relatively few points at the
tails. The very narrow two-field distribution in case r < 0.001 is thus but an artefact due to the smallness of
the surviving sample.
3We have checked that for µ . 4 × 10−8 the results are robust against increasing the prior ranges. The
distribution of larger µ-values on the other hand does change if the priors are extended to allow for significant
deviations from slow-roll, φ, |ηφ| & 0.2.
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Figure 5. Scatter plots showing the µ distortion (color coding) in the mixed inflaton-curvaton setup
as function of the curvaton parameters ηχ and R. The depicted points are compatible with the Planck
bounds [6] ns = 0.9586± 0.0056, αs = 0.009± 0.010 and βs = 0.025 ± 0.013 at 99 % C.L. The limit
R = 0 corresponds to inflaton domination and R 1 curvaton domination. Here µ8 = µ× 108.
with distortion. For example, in [48], observational constraints on the simplest inflaton
curvaton model were investigated using the spectrum of curvature perturbations and non-
Gaussianity. It would be interesting to redo a similar analysis including spectral distortions
in the study.
6 Conclusion
We have investigated the CMB spectral µ distortion in generic two-field models where two
uncorrelated sources can simultaneously contribute to the primordial power spectrum. This
kind of models can be characterised by the total amplitude at the pivot scale As, the ratio R
(≡ P2/P1) of the amplitude between two fields, the spectral index ni, the running αi and the
running of the running βi for each field (i = 1, 2). We scanned the model parameter space
with broad priors and computed the µ distortion signal for parameters consistent with the
Planck observations. We found that the value of the µ distortion are enhanced when (i) n2
is large (we have adopted the prior range 0 ≤ R ≤ 1), (ii) the difference between n2 and n1
or α2 and α1 is large, while satisfying the Planck constraints on ns, αs and βs, as seen in
Fig. 1. These two cases arise because of the two-field nature of the model: even if the field
2 is subdominant at CMB scales, it can give a dominant contribution, especially when n2
is blue-tilted on small scales where the µ distortion can probe the primordial fluctuations,
which was also discussed in [14]. The second point (ii) is due to the fact that large differences
– 11 –
Figure 6. The left panel shows the spread of possible power spectrum shapes Pζ(k) in the mixed
inflaton-curvaton case (blue) and in the pure inflaton case (orange). The right panel shows µ-distortion
values in the mixed case corresponding to different shapes of the spectrum. The shown configurations
are compatible with Planck constraints on (ns, αs, βs) at 99 % C.L. and the tensor bound r < 0.07.
The dashed lines at k ∼ 10 Mpc−1 and k ∼ 104 Mpc−1 represent the range which the spectral
µ-distortion is most sensitive to.
n2 − n1 [49] and/or α2 − α1 can induce large positive running and running of the running
as read off from eqs. (3.4) and (3.5). We have also made an analysis where the detection of
µ distortion is assumed in a future observations such as PIXIE [27] (or something analogous
to PRISM [50, 51]), say µ = (6 ± 2) × 10−8 at 95 % C.L., then we found that we could
exclude some models, especially where the difference between α1 and α2 are large, even if
the constraints on ns, αs and βs from CMB are satisfied, which is shown in Fig. 3.
As concrete example of a two-field model, we studied the mixed inflaton-curvaton sce-
nario and found that the µ distortion can efficiently break degeneracies among the curvaton
parameters. For a very small µ, the distortion signal in this scenario is tightly correlated
with the curvaton slow-roll parameter ηχ and the curvaton contribution to primordial per-
turbations R, and the correlation becomes stronger the tighter the upper bound on the
tensor-to-scalar ratio r. This indicates that future observations or improved bounds on the µ
distortion and primordial gravitational waves could imply a severe test for this kind of multi-
field models. We expect that correlating µ distortion similarly with various other observables,
such as non-Gaussianities, would give further useful tests for inflationary models.
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